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^J^^ ^ lLE j^CAPEs mn plane: 

SOME AD Va5C£^ TURT LE GEOMETRY 



Since the LOCO Turtle took hi? firit step hahaibien rnathemiUcilly canfined to running 
aroynd on fta^ aurfpcQi, FartuniEtly the phystolly Intuitive, proc^umlly orisnted natura 
o;f thf Turtle which m&kas him a powerful i?<plofer in ihc plane is equaliy, If not more 
apparent whtn ho is liharated eq u^id curved surfacti. This paper is aimed roughly ai tht 
High School leval Vit bfcause it is bijilt on intuilion and physical acilori rather than 
formmlisirn, it cin rtach such ^'graduate school" imthemitlcil ideas as ge^esics, Oeujslan 
Curvaturt, and copologlcal Invariants eRpmsid in the Oauss-Bonnoi Thiorem. 
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I TRIAKGLES 

Thii] paper is ai e^plorithon into the dark atiu dangerous contliicnt of 
marhemg.tio whir^in w shar \rtk froAi the almost: clvllued land of giomeu'y, through the 
forbidden |royrids of dlfftre^tial |eometry and tiience to tppolof y %inerf many t hm 
perlsheid on chi; g leaE, barren and Lnfinuely eKtepMble rubber shieis. I think, howevej» I 
hm^ thmm for you a path which will sho^ you lome the great ilghti without undue 
phyiiCH! dLUgtr. 3ii fact I v^quW be greatly disappointed if ym do not ntmi^ safely and 
wlfh St gr^.^t mrt cf soyvenirs to entico you to return your own and aKptora for yoyfS€lf. 

Let m^fl l^%in wi,th a humble ErlAn|le: any one will do. Everyone knowj a 
triangle ha$ tQO^ ^arth of m%\m in it^ three vertkei What n wwdrful thing «iat any 
^rja^nglt, nu fnattRr hoiv big or imai! or hov^ it is simpedp has eKictv i^k/! Hov^ do yon 
know Phat Is tryg? I don^i think it's ofavioui. After all, the anglei ar^ in dHrfr^rit p2a^e$. 
L^i m^e show y ou rnv f ?.yofite my co sym cho anglea in a triangle, 

I hai/e a turcle ^^ho can bi an eKniSIeni; guids Wi mm$ i^^mm m inaiherrdCio, Yet 
he can <)nly do t-wo chings, walk In a itraight llni> or turn throuf ii any ^agle. Luckily he li 
^maft enough to tell the jncisure of any angli wh^n he turm throMgh it. S^j \ cin s^nd him 
ayt to maa3L\fii^ th^^ angtes in Isti of triapptep oot at a tima aod f ^nd oUi^ whai. the sum ©f 

After tvatchiiig Turtle nr:eaiurin| trianglti for a while ! ^loticed he always 
Iht sim€ thing. Hi ,itarti a£ vertex 1 of a rriingla and ainii toward verteH 1 Then he tmm 
Eo^Efd yBtmx 2 and thirefora mcasurei fhe angle In vtrtiM 1. 



1L ^ 




Fig. L Meaiuriiig angli \* 



He marchfi td vertex 2 and rotate again, in the jame dir€c«Qn as btfori, to m^sur^ angle 
2. 
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Fig. % Mcasunng angi© E, 



(To do this list ha mmt look back ov^r his tail while ratatinf Thini hi mwm to Ymm S 
and dMi die lama thing he did at ymtm I Finally m just returns io where ha itarledp as 
ixMtlm yiumliy do. 




F^|« 3. Mea&urlng angle 3 and foing homa 



Biit now look, the turtii has lurnid thrcugh €ach vartaK in ihf iimt dtr^tion, so his full 
rstaUon ii Jiiit thi sum of the v«Wk angleL And ha"s now pQinUng in tht dlrectlDn from S 
to I whereas started out pointing from I to 1 In all he has lurned exactly ISO® ! We don*l 
aven have to ask Turtle to remember thi separata angles that he measured. Notice that the 



5 



Tynie Esmpes the Plane 



final heading of the turtle (180^ frpm initial) does not dipend at all on the details of ihf 
triangle. Stretch side 1-3, pull verteK 2 off into the distance, the turtle still must tnd up 180^ 
from his beginning, becauie having itartid at 1 pointing at 3, he ends at the same polnl* 
pointi!i| along ihe same line, but in the direction eKactly oppoiite his initial direction. 

That sounds pretty solid. After all it proves something all know (don't w^7\) 
is true. But let me confuse the issue by asking a very hard question. Whal happens if my 
turtle is drawing big triangles on the earth rather than little ones on a table top, Is the 18^ 
theorem still true^ 

Well, you might say, chat's just a huge case of a lltile triangle; the ^me ^hi ig 
only a million times bigger sides. And since Turtle's triangle mfasursng procesj does'i'r, 
depend at al! on size, he should still find 180^ . But careful, wtch this! 

Suppose Turtle starts on the equator and goes straight north until he p^t:i to 
(where else?) the North Pole Now he turns 90^ and goes straight south until he get: io the 
equator, Now he turns 90* and runs along the equator to get back ^here he started. He's 
made a triangle But look carefully, the triangle has 3 90^ angles in iti That's tlO^ ^ Try 
that ouion ^ globe. 




Tig. 4. Triangle with 3 90® tiriico&. 



So what, you say. That's no triangle. Everyone knows a triangle is made up of straight 
lines, and anybody can see those lines in the "triangle^ on the earth are curved. Well, I sayp 
almost anyone can see that, but turtle can't. He's very nearsighted and can't see the curved 
horiion; he only sees which direction he's going. As far as he's concern^ all those "lines" 
are straight He's Just walking along (like a cm with wheels welded siralght) not doing any 
turning at alt between equator and pole. 

So what, you say again. (You are obitlnate ) Turtle, then, Just doesn't know 
enough to know he's not drawing a "real** triangle. But hold on. Let's get some things 
straight before deciding eKacily what's what. 
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n. TURTLE LINES 



First of ail m hive a new kind of "straighi line'* to look ai» t "tyrile finf." Turtla 
can %¥alk on lots of thin|s: the mtiK a Eable top., and ^henevfr he wlks without turnlngp 
hi wMki along a "turtle line" (That's a deflnUion, d©n*t argue) 

Hm ibouE a ping pon| ball. ObvlQUsIy an average sizt turtle can't walk on it, 
but I think thert art clearly some turtle Hnis on it Imi|ln€ that the ping pong ball is a 
little globed I.e. a map of the earth. You can dfaw on tha aquacor, and I certainly would 
want to call that a turtle line. Why? Because a line has the property that if you make a 
bigger or smaller model or itp it's still a line So if you shrink the earth with its equator 
turtle line dmn to the slie of a ping pong ball, Td still ^ant to call the equator a turtle line. 
If you want a different reaion, imagine a miniiture turtle on the ping pong ball; his non^ 
turning patlis Til still call "'turtle lines." And Vm sure you'll agree that the "equator* of a 
ping pong ball must b€ a tiny turtle line To find a surtl© lln€,then, all I netd i% to makf 
sure my turtle is appropriately siEfd for what he*s walking on. In any case he must not b€ 
so big that lit can"t walk around comfortably. 

1 have a good question. If the equator is a turtle lint, is any line of latitude also 
one? Well, you might initially be inclined to sa/ yei. After all it looks pretty much like the 
equator. But is it really? 

Td decide thit you have to decide if Turtle can walk along it without turning. 
Imagine Turtle's little legs churning away. How does Turtle know he*s walking In a 
straight line without looking (he's naarsighted, rimembtr)? To answer that, start out 
thinking of a simple situation'-a table top. Vd alio suggest you think how Turtle turn-^. 

Here's my answr: If his left legs take the sanie number of steps and the samt 
length steps as his right legs he'll go in a ^straight line". If he starts taking fewer steps 
with his right legs (or even takes negative steps) he'll turn. Do you agree? I hope so. 

So now, is any latitude a turtle line? Wellp Turtle straddles a (Northern 
Hemisphere) latitude and starts walking. His '^south'* legs travel on a latitude a bit below 
and "north" legs a bit above. Marching all the way around the earth has he taken the ^nie 
number of stips with north as with south legs? Of course not! The more north the 
latitude the smaller the round trip path. Take a look on a globe again. The equator U the 
longest latitude, and as you get closer and closer to the North Pole the latitudes get Sfnalltr 
and smaller and eventuiUy reach zero length at the North Pole! 

So the turtle must take a different number of steps with his left and right l^i, 
and therefoTi a latitude is not a turtle line. Do think about that if youVe not convinced. 

Here's a more clever way to prove a latitude Is not a turtle line. It's a symrrietry 
argument, and it worki like this. There's one thing we know for sure about turtle linei* 
There is nothing in the line that distinguishes right fronn left as the turtle walks along. If 
he turned* of course he would be turning either right or left; but If he doesn't then then 
should be no difference in what is right and what is left. Add that to the fact that a 
sphere does not diitingiilsh one place from another, and you must conclude that on a 
iphere the left part of the world looking from a turtle line must look eicactly like the right 
part of the ^orW. That is true for the equator or any longitude, but not for ariy old line of 
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latitude Those divide the world Into a polar cap md a bigger part, so distinguish right 
from left and therefort can't be turtle linis. (If youVt not convinced by this argumfnt, 
don't worr^. Although 1 think it's true, rm not sure it's convincing.) 

Turtla lines tglit on any surface, it doesn*t have to be a flat one or a sphere Any 
©Id bint up lurrace will do, Just set a turtle on it with legs a-churning and watch m turtto 
line! 

But now back to a sphere, the earth. We have a nice triangle made up of turtte 
lines and 3 90^ angles. What happined to the turtle proof that trianglti have only 180^ ? 
Something obvlgusly went wreng. Ai far as Turtle is concerned there are only three places 
he has to turn (i.e. three plicis that his right legs don't match the speed of his left legsX 
And each of those Is a 90® anjk But he still winds up polntlnf 180® from his start. The 
problem is, if you wind up pointing in the opposite direction on a sphere, It Isn't necessariiy 
so that you made ISO^ worth of curns. Try this! (Get your gfobt out again.) Start Turtle at 
the North Polr, notice which my he's poinUng. Now walk him straight ahemd until h€ 
gets to the South Pole. Now don*t let him turn at ail but walk him sideways (m good 
straight turtle walk but sideways) clear back up to the North Pole, Presto, he's facing 
exactly the other way. Turned 180* without "turning" at all That's the problem with 
spheras; you can ^et turntd even if you're not turning. If you Icwk from the side you can 
easily see the sphere turning the turtle without his knowing It 




Fig, 5, ^Catting turiiod'' without '^iurlle turnlrtf.'^ 



Meanwhile back at the 90® 90' 90' earth triangle, It's easy to understand what's 
wrong with Turtle's original triinf le proof of 180^ For sure, from btglnning to end of the 
trip around meiiurlng angles, thi turtle has change his hiding by 180® . Evidently the 
turtle himsilf turned 270® (3 vertices of 90^ each). But now that we reallie spheres ran turn 
Turtle without him knowing is, we cin hypotheslii about that tKtim 90®. While hi was 
turning 270®, Turtle must have been turned back 90® by the iphtre. Turtif turns 270® but 
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the trip around the sphere turns him back 90^ of that, 

So you see, there are two kinds of turning: actual ^JurtN turning'* and ""trip 
turning."' Turtle only thinks he's turning when he's "turtle turning," but he can be turned 
by going on i trip iVfn without ''turtle turning.'' 

Let's try that Idea out (I hope you still have your globe around). We can take 
Turtle around the triangle without him turning at alt by having him walk sideways 
sometimes. If his trip around the sphere really accounts for that missing 90^ (missing 
between the triangle theorem and the real 270^ ), Turtle should come back to where ht was 
turned 90^ and turned in the direction opposite to the turning he would ordinarily do at the 
triangle vertical So start him out on the equator facing East. Walk him sideways up to 
the North Pole, now walk him straight down (following his nose) back to the equator. 
When he ge^ back to the equator he's pointing South and continues pointing South while 
walking sideways back to his starting point. There he is. Without turning, but merely 
going on a trip, he's be^^ ^turned*' , And 90^ oppositely from the turns ht would make 
to melisure the angles in i la triangle. Hocray! The extra SO® in the triangle come from the 
trip and get added to thu lB(f of the "trianglf theorem.^ 

Ill ANGLE EXCESS 

Believe it or not, we*ve made some real mathematical prog resi in understand ang 
because we have run across a new concept The concept ii what mathemaiicians call *angle 
eKcesi" or simply "excess * Excess »i the *trip turning^ that the turtle gets turned in 
traveling around a ciosed path without doing any ^turtle turning* of his own on the way. 
For triangles the excess is exactly the angle you have to add to 180° to find the actual sum 
of angiei in that triangle. Right away thtri art some nice thingi to notice about angli 
tKceii« 

THINGS TO NOTICEi 

1) Vou can ask what it ii for any polygon, net Just a triangle. (This is provided 
of course the turtle knows how to walk a straight tine In any dlrtctioni not Juit forward or 
sideways^ It is not hard to trair^ turtles to do thii) 

2) You can ask about angle excess on any surface, not Just a sphere. Slmpiy hav€ 
the turtle walk around on the surface. So eKcess Is a rather general concept It*s an angle 
assigned to any ctos^ path on any surface in a particular way. 

Perhaps the best thing about it ii not iu generality but all the nice questioni 
you mn aik about ll 

THINGS TO WONDER ABOUT: 

1) Can you ever compute angle eKcisi wiihdut just measuring it? A partial aniwer 
you probably gueised already«yes Ind^, an excfss angle on a plane is always itro! If you 
stilt believe the turtle triangle theorem on a plane then you know the excess angle for all 
triangles is lero In a plane. Even if you ean*t prove it I bet you*d believe that all patygani 
in i plane have lero excess. This leads me to ask if the plane is the only lurfaQi with zero 
excess for all polygons? (Think about that.) 

2) Is this angle always greater than Eero for any'surface, l.f. li it always a turn 
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Opposite the triangle measuring direction? 

3) In general what does knowing excess tell you about a surface? Ev0rythin|? 

4) What does angle excess rially mean? 

But let's not get coo far ahead of nurselves. I think that we'd better make lurt 
the mem angle concipt is nailed down. That means asking some simple quesclons about it 
Is it well^ifined, Im. have we really specified exactly one number ti be assDciated with any 
poiygon? in particular: 

Question 1) Does eKcess angle depend on the initial direction of tht turtle faces? 

Qutition 2) Does the it depend on where you start in the polygon? 
If you think you have the concept nailed down, iklp this section for noWi but Td suggest 
you come back to It ^ 

Answer I) H% Imagine the turtle vvalking around a path without tyrning md comparing 
his final heading with his initial to find the eKcais. Now suppose wt take another turtle 
and start him out pointing 90^ away from the first turtle and walk him sideways along the 
first leg of his trek around the path. Compare the new turtle*! hiding with the old one's 
^t each point as he goes along. I don't know about you, but Vd say the turtle was broken or 
didn't know how to walk sideways properly if he gradually changed relative heading to the 
first turtle, 90^ to 89^ io 85^ to... Somehow the turtle is turning his body to face In a new 
direction while walking. {Try this idea out by thinking about turtles marching on a table 
top.) So if the second turtle walks sidewa^ys properly, he wilt maintain his relative 
positioning to the first turtle and will wind up after going all the way around still 90^ 
different from turtle I. The difference between Initial and final heading muit then be the 
same for the two turtles. 

Actually I can be clever and make the argument above into a real proof. I will 
define a turtle marching sideways (or at any other angle) on a turtle line to be marching 
"properly* only if his relative heading to a straight marching turtle dwsn't change, Thin 
Answer 1) Is trivial provided we do all measuring with properly marching turtlei. Iin*t that 
clever? This 1$ an example of a great mathematical trick u%bA all the time. If you've got a 
good theorem and can't prove it, then define things so that it*s true. 

Answer 2) No. Look at the following record of how a turtle faced m he measured the 
excess In a triangle starting at A. The excess is marked I. 
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Fig* 6. Measuring Eiceis, 



Suppose some other turtle miasures the angle excesi starting at B. Because of Answer 1) we 
might as well take the new turtli to start facing the same way as the old turtle, and so he 
wiil fact the same way all the way round to A* There the record of the old turtle changes 
by S ^ Answer I) says that the angle between old and new turtle will be maintained as new 
movci f rom A to 




Fig. 1 N€W Turtle (solid) canipared to Old Tiiftle (dett©!). 

But then $ will be the angle betwien the btglnning and the end of new turtle's trip, the 
same as old turtle's excess angle. 
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Thd rgiult of Ansv;er 1) and Answer 2) is that it doesn't fnatter ^Mhere you start or 
at what heading you start, the excisi will be the same (Not€ chat this had better be true, 
©therwise the undfritanding of tKceis as being the difference betwien triangle vertex sum 
and 180^ would llktly be in erron Ciplsce? (Thii li more m abvioiis dipmdlng on 
hDW you think about it. In any case you should think about it until It's rt\m& mr 
obvious.)) 

IV. EXCESS ADDS! 

Back to more invesUgiilon and Igsi formaliEition. Letj concentmte on th€ sphere 
for awhile. I startwi on the sphere with a triangli of fairly larfe esceiSp 90^. Cm yoy 
imagine a triangle with a blg|ir excess? (Look for ent if you hawi time) 

How about this one. A trlanile with 3 180^ vertices! The equator! Jyst start 
anywhere, call it point I Travel i/3 of the v^ay around than stick in a 180^ yerm there and 
continue around on the equator another 1/3 circurnferenci to point 3, Stiek in anoth^! iSO*^ 
verteK and run the rest of the way round home to I An mm$% of MO^ ! That*! ©fie of my 
ravorite trian|ies, ' 

How about a triangli with a smatlir eKceis. I guess tliat'i no problem. Just take 
a very small triangle, Hka one in your front yard, campared to the earth-slirt sphere (the 
earth!). I'd bet such a triangle has angles totailing very nearly ISO® se an excess ef nnrty 0, 

It Imki tike small triangles have imalt eNcesm and largt on€S hmve lirgf fjccessei. 
If you haven't already noticed, the 3 X 180^ triang It has 4 lirnes the mem of the 3 X W)^ 
triangle, and can be made up by pastin| together eKactly 4 of the i triangles. (Look 
closely.) From that it looks like excesses add^ Take a look at a triangle made by eornblninf 
2, 3 X 90® triangles. It has a excess of W\ Look at any triatigle made up of 2 angte 
at the equator and n degrees at the pole. It has excess of and an be made up ef n 
triangles of one degree excess. 




Fig, & Eiciig of ihi Urge triangle is lum the eic^m of the mall onm* 
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This is bi^innlni to Icok Ilka a Ihtdfen. 

ITh^rtfii! If a (riangia 1$ subdivide in to s^btrlingltt th^n ttit mcm^ in ihm 
mngia Is iht sum of tNe g^ei^s In the iubdlvislons, 

ni giym pu & prcof so you don*^ hiv^i fiddle iround a. lot Nf otici ctiit the theorem 
dceirt't intritlon anything ibouc iptiim iri p^rtlctilir, nalth^r vvlll the preofi it's trui en 
i^tiy surf ice- 

ri] Jus( do tfif ctsf of mbdlviiiorvMrito f;wo. Ii^s tricky (r(^ll/l} axtanding tfils to 
arty sut^ivMlon, but I think juic thM much ihould give y^u i.n idti af whM*i f clng en. 

Propf : ^iiisure t?i^sJ In A,BC, IVc ih owrv a record of lurtla p9intin|. 




Fig. I Item BCD (x to %} * {leM ABC (i ^ y) ^ li^ A^G9 to it 



He itarti put ^itli heidlni % and <ndiup with y.Hm do AQS^ To mfti ttiing^s simple 
you itiif hi i^s mil start frorn A with ttii sam^ hi^dtng, y, whl£h rndad rn^siirln| /BC. 
Then the wm^r\i rtimsurini turtlt ihould ^ircf with the fifst #11 (ht way to C, <D9 y^u 
^gf^d Turtle 2 then continufi toDftridfndi up i^t Awtth timclln^i^ Finally mmiurf ttti 
tKcesi in BCD by starting ic A in poilclon x» running ill turtlt I's pith to C, Theii rcllaw 
turtle 2 <wh^ %um fram C with the same heading tunii 1 left &tt mth) around ctair back 
to A. He witids up with hiadlng l LMk, tt\i mr^mi of the big crlingl^ ii the m$h K^i 
which im Jupt the lym of the eKcess^ (it to y ind y M of the twtf iffiillcf trlinglis. 
riiic^i r^llf I prttiy niee (hit^rm* I^i the b^innlni 9f i mlljf gmt m#. 

Th0«rf fni Thi mum ef any poljfgoD iJ ihi $m of the ticctsiii in mny 
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polygofiil subdivision. 

Can yeu stt how to provf tha£? It'& not that Importanti but it's nlct to fiotiea thmt all you 
hmV€ to do li start with one polygon and add on connfcted onei, one it a tlfiif^ To provt 
iach ittp in chat pfwm% you ust the proof |ivan for adding Mo triingtei togtthtr 
bmiuse that proof did not depend on the piecis biin| triangle All it netdi Is a pIMre 
like below. Polygon virtlcei are irrilivint/ 




Fir la Hie Tapeldf y at tig 9, 



In mathf mati^i lingo, the proof only dependi on the topol^ how the thing is hooked 
t^eihf r, who*s connected to whom. Not on where vertim ifi or how long any itde Is or 
how much area anybody has. 

V. CURVATURl DENSITy - EXCESS PER UNIT AREA 

Whither or not you spent time proving that theorem^ it'i ctrtainly suggestid by our 
observationi about Mcesi beinf additive in sonte special caser And f urtliernfiorf tht 
theorem is really iu|gestiyi of othfr things. Compare it M the obvious^ 

Thior^^ The a^ of any polygon is the lum of the arns of any polygonal 
subdlvliion. 

Well, mmi^cu tike area in that reipeet Gould It be tliat mms ll proportional to arrap 
that is E«kA where E^escctii A-am and k-iome conibsnt? That would mmmnt for the 
additivity of exefsa But it'i obvloui that k rauldn-t be a universal §Mitant like f» After 
all, k mull bf itro for a plane, b t it an't be iiro for a spheim. Not only that but It mn\ 
even N the wne wniAnt for all ipherei, ^nsid# also a S x W triangle on Uit arth and 
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one m % ping pong ball. They hive thi sime ncm but wtainly don't have the lamt 
area. So how about tht h/pothtsls £hac k dapinds on thi lurricep and every iurfteg rtia^ 
have a AUNrmt k? Ut's cr/ that out 
Obvlouily any plane has k-O. 

Theorems On a sphara of radius r, £«kA and k-l/f^ (if £ li rnemsured in 

radUni). 

Prcof: ThU Is not a rigoroui proof Juit is the oiher proofs Vym givfn ara not rigorous. 
But the main idea is there FiriC I want to show E-kA. Than it will ba ilmplt to find out 
what k li. 

The idta is to tneasura aKcesi as you measure area. Subdlylde a general area Into 
a bunch or tiny uniform areas and add thenn all up. For eicarnple hcfw rnight you measure 
ttie am of an arbitrary poly|on. Dividt It into little tiny squares and count squires. <Of 
course there can be a little area left over but not much. I can always U4i smaller squares Co 
get a better estimate if I %vant. And you calculus buffs out tltere know how to talk about 
ttie limit of small squares.) 




Fif , JL Dividing a ^\ygon into imill squares ^« tneagurlnf area* 



So do the same for eKcass. Divide your polygon up mto little tiny uniform **iquarei" (again 
ttiere nnay be some area left overp evin eracks betvveen *squarci* but again if your ""squarei* 
are small enough»not much %vi|| be left over). Now these 'squarei* are all absolutely 
Identleal so not only must they hav€ the same areii they must fiave the lanie excess. If the 
area of a small ^square" li a, iu eKcasa is e and there are N squares, thiri A»Na and I-Nt 
and thus E«(e/a)A, If you take ancther polygon, you can m^sure its A and E using the 
same small squares and If this neHr polygon has M squares A«Ma and £«-Me, still iwe have 
E«<e/a)A« The same e and a so sami k«e/a» 



EKLC 
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So k>c/a bE/A. We Kill need to find what numb«r k is for a spliere, Well, take 
an eKamplf. For ths 3 k 180° irian^le fik'VZ sphere area -2irrl E-Sr (SBO^). k-£^A. 
mZwIZwt^ » IftK . . 

There art i ffvv thingi to be uiA hm. The above proof that I-kA applim t0 
any surface which Is the same every whm. li appliei to a plane (k«0) to a iptiere (kal/r^ 
and to anythlfig else which is the same ewphire By ''the same everywhere* I itmn that 
you can use the same small square as your little measuring stick everywhere Cfrtalnly you 
oin nnove any little square on a sphere to any other placi the sphere. The 3ame in a 
plane. But luppme tha: you have a iphere and drop it S9 th^t me ilde gats flattentd* 
Then you Just an*t move a littti iquare rrom the round pari of your Sktiashed sphere to th0 
fiat part to measure some A and It mti't fit. After all flat Is flat and mmi is roundad. 
You must uia a diff erent "tiny iquare" refgrance for nrmsurfng £ and A on the sphere part 
and on the flat part of your smashed sphere So e/a-k Is different on the tivo parts. 

I said that k«0 for a plana which is not curvrt at ail A vary large sphere like 
the earth do^n*t look very curved and indeKi a little chunk of sphere like your back yard 
(or part of a very oilm lake if your back yard li too rocky for your teste) could easily be 
mistaken for a flat plane, k is very small in this situation since k»l/r^ and r Is big. Now a 
ping pong ball is very curved comparid to a large iph w hence k-l/r^ is very large. 

Let ma fnake a very intm$tin| inal^y. k-e/a is a density' It's Ilka how much 
paint you have par little chunk of surface area. In fact Til all k the "curvature density." 
and I want to think of It as analafoui to ""paint density * Spheres and planes have uniform 
coats of 'paint'-thac is the curvature density is the same at all places. But Just like a roofn 
which has pirhaps 1 coat of paint on the wait (1/2 cup per sq. foot) and a double cmt on 
the woodwork. (1 cup per square foot) and no paint at all on the windows, the curvature 
density rnay vary from place to place on a surface* The flattened sptiere hai no curvature 
deniity on the flat side and 1/r^ on thi sldt that hasn't bHn imashed. A football is not too 
curved In the middlfp k Is not too big there. But at the pointed ends a football Is curved ai 
much as a sptiere of small radius. It has a thick coat of paint-*! main a large curvature 
density there Between the middle and the pointed endi the "paint" probably gets graduaily 
thicker and thlcktr 

If ycju want to know how much total paint, on some surface with constant paint 
per unit ar^, p, the answer is sImpH P-pA, where A Is the tm\ area. In the Mime way the 
total curvature, of a surface of constant curvature density Is Just K«kA* Now If the 
paint density varies from place to place and you want to know how much totiil paint thei^ 
iSp how do you do It? My answer is divide your surface into little liny plms, Ym find out 
how much paint is on each little piece by multiplying paint deniity times ar», und then add 
to find the totiil paint (If you have only have two thlckney^ of paint then you only have 
to divldi your surface into two pi^es, take deniity times area for ^ch one But if you 
have lots of different thicknesses then you're probably best off dividing Into tots of small 
areas.) In any ^se I imagine you believe that if you know the paint or curvature density 
everywhere yoy can figure out how muph total paint or tottt mirvalure is m the lutf ace. 
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ESCAPADE; I want to iook at curvature ori another surface a cyUndar. 
% Whit is k, on a cylinder? 

Aj k«0 \m % pUn«! Obviouily a cylinder It 'the mmt everywhere" so k ii Juit » 
single number. I'm sure you'd agr«e that lines ruiining the letigth of the cylinder mtid 
drclei perpend leular to those Unei are tunle lines. 
So Irak at the square below. 




Fif . 1^ '^qaara'' en • eylindir. 

Turtle go^ forward 1 to 2 lideways t to S backwards S to 4 ani side mys 4 to I, and he 
fvlnds up not turned mt all £>0 m (f tmkh then k-0. 

Now vhy is that? The reaion it's true is profound. Ic'i that a cylinder is Ji3t a 
plane rolled up. And rolling somethin| up doesn't change any path lengths on the surface. 
(Demmstration; draw a path on a piece of paper, now change that path ]en|ih. Well, you 
mn% not without ripping the paper. So rolling docin't change uiy lengthi. For thoie who 
are not ^lly convince, I iuigeit the following. Olue a ruhber tand to a pieee of pipn*. 
Now try w stretch the rubber band without ripping the paper. RoKiiig Just won't do It 
(except for a tiny bit which happens benuie the rubber band Is not on the surface but a 
little above,) 

If path lengths don't change on rolling, then a straight (turtle) lln« dnwn on a 
paper which Is then rolled up, remains a turtle line. How can I be so convinced that 
straight lln^ don't beconie non-turtle lines? Bemuse having titought ttaul hew Turdi 
runs along turtle linn I Know that all It dtpindi on is that a bunch of dUnnco are a^aL 
Turttt knowi he Is walking In a straight line when hU left legs md his rlghi Icgi are 
ntovlni the lame dlittnce in nch step. 
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fit » 11 A turlle iitii miih %n§k%. 



Look It the above icrmlghi lint and turtte cri€ki %raund iu Now tmaglni tht piper ratkd 
up. Turtle could walk in the exact ^mt tracks bmuii no dlstiinces havt changed. A 
turtii line ratiaini i turtle lint when rolltd up^ 

Theft'i more, An|lti dgn*t ching t when you roll soniething up or unroll It 
either* So any polygon @f lurtle linei on i cylindif U the ^it itie same as a polygoii In m 
plant, I( has £iro eitceis. 

If anflei ind dti^ancii don*i ehtnge when you roll a pipef into a cyllnderp what 
dpes? Topology! Here it 1% mgain. The miy thinf thai ching^ If who Is connetted w 
whom. 

There's a rattier Impor^nt lesson here. When we b^an with phines and ipher^ 
it was preKy dear that kaO mmnt whit people UMilly itMin by saying ^fhf and k not 
equal to itro oneant eyrved. But now here's a surfieet the cylindo-, whieli mosc piopit 
would say ii curvid, Vou have to d^de mw whrther you wtni to go on saying a cylinder 
is curved as you always did. or chinie your definition to Ytet* nt^ni kaO* and then say 
that a cylinder is flat That last may sound very itnnge/but nmthmuitldans (and I) think 
it*s a good thing to do, Whyf Beciuie we are Intereated in imftietry Uke how many 
degrtes in a triangle and squares having right angias ^ We are not Inter^Ml lOk much in 
"how things took/ h plane has so much more tn cMimon with a cylinder frMfi a immetrie 
point of view than a cylindir hu with a sphere, that it mak^ much more iMiie td mf both 
m plane and a cylinder are (miher than saying sphe?^ and cylinden M In 
fact if a turtle ^mm never alkiwid to go clnr around the cylindir and dittover Itt dif f treni 
tepotogy, he'd never be able (o tHI the dtfferenee between that qfltnder and a pfafie at alB 
So if you*re Miking to your frienils who havtn't mi this pap^ you^d N b^ter oiff saying 
£ cylinder is curvid, but if you're diking to a mathematlclan« h%*i N happier to httr yw 
ny a ^ylindw is flat. If you're doing |eomttry i^s hard to ^ wfong with fht qflliidm 
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VL REVIEW 

Lft-i itop and mch our bmth. Tike a Iwk at wh»t we've dont. We $%fM 
with your usual garden mtliiy alraighl line and things ym mn build out @f thtmp like 
triangle You aik ymmlf ^hit realljr it % striight lint ind there ire iMi of wiyi to 
aitiwer thmt One uiiful way is with a turtle walk. If t turtle wilki in equal number of 
steps with right and left \^$ and equal distanee in a step, then that's a straight line. Bui 
that way ot characierliing a lint works jyit ai well on a sphtre or a fwtball or a cylinder 
as it dots on a plane. The question ariits, what happens to things like trianglei with these 
"lurtle lines* for lid^ The maiii thin| is that certain angles or sums of angles ehange, W# 
fouind thai you ean think of this ehatige as being describtd by a new angle, che4inglt 
ro^tion which the surface ptrforrnt on a turtle (as opfmitd to that which a turtle does 
himifif) in tfavelUng aiound a paly|on. That rotation iicalM the excm Then there was 
our prime theorem aboul wceii/ It is additivet the eiiceis of a polygon which is 
sybdivided is Just the %m qT the excisis of the subdivisions. That makes eiccns took very 
much like area, and in fict for surfacas which are everywhere the sime, exctsi Is Just 
proportional to ar^ In oihtr surface the amount ex^si pwr unit arn variibj from 
place to place being greattst whtrt the thing is curved n^st and kn where it is curved vtry 
little. That all Inds us to dtf int curvature deniity, k, as the mc^ per unit area in a 
partioilar phce on a surface. <tt*i k*lf on the rounded part of the draped sphere and 
k«0 on the flat part. Don't ask what it ii on the edge between rounded and flat Just yet) 

Vou may ask me why I callfd k-e/a the curvature density rather than e^ctis 
denitty, after all you eompuN k-i/a by m^suring how muc:h micm oicurs per unit ar^. 
Or ^hy did I mil K-kA the total curvature mher than the total eicciss? Well, one rnsen 
is that while k is m^surid using anglt tmm, It is ri^ily Impor^nt for its 'meaning' as 
how curved something is. It*s always good to remind youriilf of what something means in 
its name. There is another r^son which is really quite subtle though. I know how to 
compute the total curviiure on any kind of surfa^ by adding up curvature density tlnm 
ar^ of little ple^s. For tKimpIt how about the following surface. 
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Fig, 14. An arbitrary lurfsoe wiLh hdlei. 

Supppsi, to b€ simple mindidp thic €/a«€onstant, No problem you say (I hope) if you qin 
measuff arta* But if I try to think of e/a as deniity of eKcesi. then I may be tempted to 
ihink of the total curvature as a total But where is tha£ axceii? An excess always 

belongs to a closid path. And I'll five you a hint, the total curvature of the above shaptd 
surface will not be the eKceis angle of any of its three edges! 

Hare's a different example of the same thing. What^ the total curvature of a 
iphere? Well k-l/r^ and A*4ifr^ so K«4ir, That sounds like an eKcess angtt, but where is 
rhe path for that excess??? Tha6 why I use the names "curvature density" for e/a and 
**rotai curvature" for K-kA rather than anything Involving eKcesi which may maki you 
^tart looking for a path. 

Let me go back to the holes business and look a bit more carefully. Suppose you 
draw .a polygon on an arbitrary surface, and you want to meaiyre the total curvature inside 
iL So you divide it up into lots of tiny polygons and add up k times a for all the small 
pieces, You're just adding up the e from each small polygon, But d«in*t the addltivlty 
theorem say that that sum is Just £ of the big polygon! Look at an example Suppose that 
ihe surface we are talking about is a sphere wleh tbe polar cap cut out (say from latitude SO 
on up). Take the equator as a polygon, a polygon with one side! You know It has an angle 
eKcess of 2ir (360^). But the total curvature contained in the upper part of the sphere is 
(k>e/a-l/r^) times (an area less than 2ifr^). Thus the total curvature inside cannot be the 
excess of the equaton Something Is rotten in the state of the addiClvity theoremi 

Let me tell you what's gone wronf so you don't have to figure it out. The 
addltivity theorem needs iom,eth:r«| that I didn't m»ition eiiplicltly. It needs the polygon to 
have an inside which topologically looks Just like the inside of a polygon in a plane. That 
means no holes, no teari or other such gobbtldy^ook. (Those holes and teari won't allow 
the proof by adding pieces one at a time to work* Thari beause oiti only add t^ether 
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pieces which havi tKactly Ehe topology of Figure 10. Wish a hole you always come t© a 
siiuation vfhm adding on a piict does not have the Figure 10 topology. Try working out 
an iHpUcit eKimple!) 

^ By the way, holes aren't the only things thit can mess up the addltivity theorem. 
The **iquare with handle" shown in Figure 29 has no holes, only one edge (the square), yet 
the excess of the square will not be equal to the total curyature Inside it. We'll learn more 
about that kind of thing later. 

Just to remind you that we're still doing mithemitics I'll restate' the above 
discussion in a theorem and give a proof. The reason I'm doing this eictra work is because 
this is really a key theorem and an iKample of a diss of theorems which are very 
important ir math and phyiia. It's a theorem which rotates lomething that depends on the 
interior of a region to soniething which can be computed on the boundary of tha£ region^ 
YouMi see hovv such theorinis can be important soon. 

Theorems Given a polygon on an arbitrary surface which has an Interior 
topologically like the interior of a polyion in a plana, the angle encess of the 
polygon is equal to the total curvature of its interior. 

Proof; Let'5 compute the toial curvature in thj interior. To do that divide the polygon Into 
lots ©f very tiny ones. Then multiply the curvature density In each small polygon by its 
area and add up the risiilts. But the curvature density, k, of each tiny polygon is Just e/a 
and so k tinies the area is e. We are really just adding up the exceiies of the small 
polygoni. The addltivity theorem now says that the thing weVe computing, total curvature, 
is Just the eKcess of the large polygon. QJED, 

This theorem tells you exactly when E - K. 

Problem: Whit*i the tocal curvature of a iphere? Previous Answer- A sphere is the same 
everywhere so K-kA. k-l/r^ A-4irr^ so Ki4^. Another Answen to find total curvaiure 
we can add up the curvature from any convenient pieces. A sphere Is its Northern 
Hemisphere plus its Southern Hemisphere. Each of these is a polygon (the equator) 
bounding a nice interior. So the curvature of each hemisphere Is just the angle excess of 
its boundary, the tquator We know the equator has excess Sr^ That makes the curvature 
for each hemlsphire 2w. and a total of iw for the sphere. 

VII DENTS AND BENDS 

Suppose I put a little dent in a spherep what happens to the total curvature? Vou 
might guess lots of things. Perhaps it depends on the dent If it's a flattening maybe that 
reduces it; if it*s a pointy kind of outward dent maybe that increases it. But the anwer ii 
nothing happens to the total curvature!!!! Watch carefully how I prove this. 

Suppose you make a dent in the sphere. Let me draw a polygon around the 
dent but far enough from it so that the vicinity of the polygon is unaffected by the dent. 
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Fif . 15. Mdkinf a dini in « tphift. 



The totil curviturt of tht sphere U Juit thit Instdi the polygon plui thil Mtstde, The 
total eurvature autilde the p@Iypn ^rtnot be affecttd by the dent so ill we have to worry 
about is the total eurvatura Inside. But that's just equal to the mem of the poison. And 
the turtlf^ walk around the polygon is tntlrfly unaffetted by tht deni ilnce I drew the 
polyion detiberately far enough away from the dent m that there^ no bmding there* (The 
turtle before and after dintinf treks tht lame territory.) The mKm$ must be the sanM 
before and after denting, and chc toti^' curvatuie does nM change at all! 

I dent, bend, smaihi buckle, push, pull a sphere one smatl pim at m time Into 
any shape I ehoose and the toml curvature remalni tiie same. The to^f cufvatyre Is a 
topologi^l invariant, that is, it doein*t chanfe m matter what you do to the iphere u long 
as you don't rip it or in lome other way change lu topology/ I tht^k that 
marvetous. So a football has toAt curyature iw. A Mid^ty Mouse MUoon, 
total curvature iw^ That sphert I dropped artier %nd %m^hwi oifie Ude ftot s^^^^ 
curvature iw* (Whn. Suppose Ismish the Southern hemtiphm ffai^ yw^^^^ 
has total curvature sero. The Northern hemisphere Hal only 2if ^ Where'd the othtr 
curvature go? there! Find ItO 

Suppose you ttke a iphere and pull it to make a qfUnd^ aqppid oil Mch aide 
with a hemisphtre. 



Turtte WMmpu the Pline 



Fig. 1& Cylinder hH^mn %m himiipheret. 



That thing has tmA curvaturi 4w* But aach hai Sir* io chat doesn'c teave you anything 
for thf cyllndtn Cylindirs havt total eurvaiure ^ro! And since a eylindtr Is tht samt 
tvirywhtre, tht curvaturi deniity muit bt> iiro iyirywhtre* (Now weVt ihown that two 
way$» it must be true.) 

All this bending and itretching and nnciving curvature around makes me aiki 
what kind of bending and ilritchlng you can do io iomithing« even if it*i not a whott 
sphere, and keep the same total curvature, Pritty ct^rly rtl keep the ^me curvature as 
long as I an put an unbent "turtle road" around the dent and iiolati the rest of the surface 
from the dent (Well thit may not be so ofavloui is you think, but ifs a good working 
hypothesis.) In any case It is definitely true that If the surface rm talking about is a tyrtit 
polygon with a nice interior (no rips or funny business) then the addltivlty theorem telts me 
I ean imnpute the total curvature by running a turtle along the edge. So if I ^ve a tlltle 
ribbon undented along the edge of the polygon as a "turtte rnd,'' I oin be sure I haven*! 
changed the torn! curvature of a nice polyfon. 

Can you extend this discuision about maintalnin| total curvature to surfaces 
which are not nice polygons but might have holes m rips in them? How about m polygon 
with an interior which has a "handle?" Can you give an enampte where you keep the edge 
polygon of a surface unbent but don*t maintain an entire little ribbon "turtle rwd"* and 
consequently change the tont curvature? 

Here's another way to keep the same total curvature. Just make a bigger or 
smaller model of your surface. If your surface is a polygon with a ni@i Interior then total 
curvatuN is just an angle (the angle excim), Anglis don*t change when you change juit the 
scale of something. Can you prove in general ihat the total curvature of any lurfiict 
doesn't change on making a bigger model of It? Hint: Think about how ymi mmsure totel 
curvature. 
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VIIL SURGERY 

Hew much total eurvaEurt in the lurfact of i danutHtiithematiclini all It a 
torui. The f Irit thin| to notice is that any donut has the same teMi curvature as any other. 
Why? The same reason spheres, footballi and Mickey Mouse balloons have the same 
curvature. I isolate a small dent with a turtle path and show the total oirvature dMin*t 
change. Then I ^n make any number and kind of small dents to bend a donut Into the 
shape of another donut and the curvaiure s^ys the same at nch step. 

I might try to do for a donut the same as I did for a sphere. Unfortunately 
donuts are not the same iverywhtre. Inside the hole a little chunk of surface tooks like a 
saddle but outiidep the surface looks a lot more like Just a mp on a sphere. So I an*t use 
K-kA, 

Whal III do is start with lomeihing I know, a sphere, and do some sui^^y on II 
to make a torus. If I ^n figure out what happens to the curvature during surgery, I win. 

So take a iphere. Squaih the North and South Polm Inward tog ether. Still hu 
curvature 4ir. 



Be sure to make the middle where the poles nearly touch flat lo that there is no cunratuft 
density there. Now cut a small hole out of the North and South Pote. 




Fifi 11, Squaililnf a iphei^ 
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Fif, II, Removini a imalli flil (wilh lira samiura) diie. 

That dtm not rtfnovt iny of thf curvature. Now juit Iniert a lltilf valve ihapa tikt btlow» 
to makf a donut. (Top adge of valve f iu In North Pola hoti, and bottom fits in South,) 




rif* 19. A valf^ 

If you liktp pull the centir hole out until it loaki like a r^l dwut 
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tig. Vs. Stntching the vilvs h«le. 



Thi only placf where curv&ture was added wis when we flued on the little vkIvc 
All we have to do ii figure out how rnueh curvature it in the valve and add that to the 4r 
from the sphere. If I can construct the valve out of surfiMS of known curvature that 
would do it Try this. Start with a sphere (total curvature equate 4ir}. Put a belt around 
the equator and squeeie. then itraighten thinp out so that the North Pate bu^t and the 
South Pole bulge are ipheres. Totol curvature 4ir on top bulge, 4« on th« bottem bulgf 
and look who'a In between. 



'1^ valg e 0 



Fir, %U Barbell Sphire • Yatvt •» Splitn 
Teul Curfaiurei ^ " if « Vilm 4r 
Valw»*4ir. 
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Thi va!va! Hi must have curvaturt minv 'it so that this ''barbtll" itlll has total curvature 
4^. Thus the donut which ws constructia i rom a sphtri and a valvf has total curvature 
4ff minus 4w equals lero. That does not m^n a donut has curvature lero tverywherf» but 
Just that it has as much negative curvature as positive curvature. 

Now as an exercise how much curvature is in a two hoM donut? 




Fig. 2L A two holed donuU 



IX, CONES « ANOTHER LOOK AT CURVATURE 

Td like to go back and look at cones For a bit. Now a cont is mostly Just rollid 
up flat paper. Cut a little chunk out of the side of the cone and you an easily lay it flat 
That means that the cone is just about everywhere a zero curvature density object But 
there is an exception, the tip. The tip won't flatten out without ripping. All the curvaturt 
In a cone must be concentrated at the tip. 

How mn you figure out how much curvature is in in the tip? Of ceuri€-ust & 
turtti and find out how much exras is contained in ^mt path around the tip. So that I 
an ^sily sea a turtle walking around on the cone, let me do a littte trick. Cut tht eotie up 
thf side and lay it out 
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Fig. 23. Laying a cone flat 



This doeiii't if feet any dtslinciSp and turcle paths can easily be st^n now; they are regular 
straight iines (eKcept where they cross the cut). I can also tt II easily when the turtlt dMsn'l 
turn; hi juit ktaps the same heading. So now look at a turtle pith arounU the point rvt 
drawn in the direction the turtle poinu along thi way. (I mrted him at A pointing parallel 
to the cut) If I glue the cone back t^ether it's ^ly to see that the eiicess for the now 
closed path is exactly the angle $ between the turtle at B and the cut 




Fig, U. Turtle palh with lurlle headings 
But I is exactly the angle of the pie cut out of the a»ne when laid flat <That*s Just a little 
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€iem€nrary gfometry for you.) So the eKCiss of the turtle path is just tht "pie angle " 

Notice rhat thii reiultp $um of path around tip tquali ^pla anf It" does not 
depend at all on how big the path around the tip is. So you %m by pushing the path 
closer and closer to the tip and always getting the sartie eMcess that the curvature must bt 
concentrated in the tip with zero curvature iv^rywh^re ilie* 

What*s nice about mnm, tlmn, fn thai you :m %m the angle eicces-s. It Is in feet 
the angle you n^d to cut from a flat piece of surface to make it into a cone. 

Suppose Turtle is sitting on the apeK of a cone. And then he goes a diicanct r 
away and draws a "circle'' (actually a many-sided polygon) iround the apeK, Being 
riearsighted and not too conctrnid with curvature he thinki r is the ridlui of his circle. 
But of course he finds the circumference is not 2wr but something liis. (It's missing arLictly 
the Miffct pie*' from being twr.) He'll find the lime thing on a sphfra. The 
circumference of a circle li not 2^r, but a little lesi (Look at a globe and what tha turtle 
thinks is n) In general positively curv^ things (k>0) have this property of circles having 
"insufficient* circumference. Of course that really is why they are curved; there*! 
insufficient circumference to a circle to allow you to push it flat without ripping the thing. 

How about negative curvature? It's like i cone with too much rathtr than 
insufficient "circumference.^ Nor a pie with a itice taken out but a pie with an eictrg sllc^ 




fig. 2i. Ne|ati¥i eurvalura. 



You OLn't push such a thing flat» Not beause youVe short of circymffrence and will rip 
the ^ne trying to flatten, but because you have tM much clrcumferenci for a given radlui 
and an't cimm It all Into a plane. Saddles have negative curvature. 
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X. PROBLEMS 

i through nKAuthor's prerogative) Answer all the (interisting) questions in the text 

n4l:(Back to baslcj) Convinca yourself that an iquator must be a turtle Une lndependciri^ of 
the face ^hat I told you it wai Is the path of a boat with rudder ilmM itraight a turtli 

line? Mm about a jsl plane flying ctraight? 

n^2;(Cutting and paitin|) Is a circle around tht apiK of a cone a lortle Um7 Make yoorsilf 
a cone and draw some turtle linei on it just to ste hovi? they looL Dfm?# In mm^ unlurriing 
turtle direction flags. 




Fif. 2& "Ciit^le*' around ednf*s apa^ 



7^^3:(An tiiy one) Show that a football has total curvature iw without usinf tha fact that it 
is a bent iphere. Hint: Find a subdivision of a football into nice polygons of which you 
know the mcmMh 

n^4*(But I already knew that) Using the theorem that making a bigger or smailir nfiodet 
dots not change total curvaturt, conclude that all the curvature In a rone Is in Its tip. Do 
this by obstrvlng that a smaller model of a cone has thi samt curvatufi but li exactly a 
imalter piece of the original cone 

n^SKSome Idiot poured paint in my garden hose) Sometimes It ii not useful to describe the 
location of paint by paint dinilty (paint per unit arta). After all when ifi stilt In the an 
you Just say» ^there-$ a gallon right there." The curvature in a wne li like that It^ all In 
one place, the tip. On the other hand some craiy person might pour your paint into a 
garden hose« and then the most r^sonabte m^sure would be paint ^r unit length (tit 
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hose). Can you find u surfacs where ihat sort of measUi'e is approprlata for curvature. 
Hint: The edges of a cube are not an example! Convince yoursflf that they contain no 
curvature, (By thi way, where is the curvature in a cube if it is not distributed along the 
edges?) 

n*a;(Changing icals) Convlnre yoursilf shat making a larger m&M of any surfact chanps 
the curvature dinsity by a factor of f^ (f is the factor of increase of all dimensions from 
orifrina! surface to model), but rhat the total curvaturg of mwSil and «urface remilns the 
samfl. 

n4^7:(TurtIe linss revisittd) Look at the following record of curtle trtcko, 




Fif. 21. A turtle line? 



The !£ft legs take the same number of steps as the right legs. And all iwps are the samt 
length. So why Isn't the track a turtle line? (It obviously isn't one.) Can you apply the 
principle of "a line mull be every where the same." Can you answer the question without 
the principle? 

Another problem along thi same lines is as follows: If a line must be "everywhere 
the same" then what happens to a turtle line on a smashed sphere at it goes from the 
round part to the flat part? Can you reformulate the "a line is everywhere the lame" 
principle so that it rally applies to turtle lines? Think of a turtle line as a procedure. 

n*&(More turtle linti revisited) Would the little turtle which wt used for ping pong bmlli 
draw the same turtii tines on a big sphere ai a b'g turtle? Whit do you have to say abwt 
turning a real (motors and |«ri) turtle loose to drilw trlanglei In your back yard. Would 
his sue matter? Think about a tlny,tiny turtle crawling over Mch pebble in your back yard. 
Does that make you nervous about what a turtle line really is? I man you know pretty 
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much what a irlmgle of tmk lines say 20 feet on a side ihould Irak likt on your back 
lawn bul ivouldn*! a Mny tuitle pt all confused by the bladfi of grass? Who tills you whm 
iiif turtle to usf? 

Ask a mathGmatician to answer this question. Aik a physicist 

n^9:(R€latively speakin|) Suppose iomebody told you that not only is the earth not flat* our 
UNIVERSE is not flat tlthcr. What might he mean by that? Answer in terms of ang te, 
clrcumferencis and radii of circles, and perhaps surface area and radii of iphsres, Notica 
before starting that v^e never had to go out of the surface of a sphert to di^vtr ft was 
curved as long as wi had turtit lines drawn, The same applies to the univi rse, (Einireiii 
decided that the universe was not flat. He thought it was curved in a very s^ial way to 
account for the txistencf of iravity. In facr he arranged things so that the funny shap^ 
paths ob^u travel undtr the inf If^^nce of gmvlty are just *e«rt!f paths* in ©or cyrvtd 
universe) 

n^lOKHoIii) Can you find the total curvature of a surface wiih ho!^ IE in tirmi of the 
ckcfsses of the boundaries of the surfacf? Hinti FlU In Chi holf^. Now h<jw much 
curvature dws the surface have? Cut them out How much curvatura did fm rctmvt? 



n^lIi(Handtei) By doing some bending and surgery show that the additim of a handle to s 
surf act always decreasei the total curvature by 1^, 




// / // 

/ / / / / 




Fif. IBt Surfioi with two holes. 
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Fig, 29. Insiriing a 'liandls.'' 

(Adding 1 handlf is iopaloflally dril!in| two holm md gluing ill a btiit cylinder (vilvt) i@ 
roofiid them.) 

By doing luritry, ghow timi ^ knotled handle can be ynti^ withoui c^mfigifig 
total curvaluri. 




You may want to usa tht fiet thit ia unbtnt eyllndfr hai lero curviturt w you oin miw 
Duc part of It withoyt losing any curvaturt. AttarnativeSjf you an provi and/or ys€ tht 
theortm that bending any surfact tion not changt im\ mvmtum M teng ti all tdgw 
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remsin unhtnt 

Firiitljf as an interesting potnl for you, CQnildtr il § ciiu of siirficai which mn 
made rrom i limits imount of or^ (thus pltnei are eiccludid) ind havt no ^gis. A 
spFiere and a torus art m%mp\n. Now the remarkabte fact is that, iopologlalty ipaklng, 
eviry iu€h surface ji Just la iphe re with handtts ituck in. (A torui ii topolcf lally a sphirt 
wiih 0211' handk) Tht pric€€din| dlicuiiiofi of hindlts ihould convin^ you that tviry 
such surface has total curvaturi bflonging to thf set iw, 0 -iw, -8r, ..m, and that tht total 
curvature mVm you mmly how many handlei thg surface has. (Not^ This llttte discussl^ 
refers only to the garden variety surfaces found in ordinary three dlmtniionil ipace.) 

n^l2;<Ptato) A Platonic solid Is any object which is flat almoit ivery where and otherwiit Is 
as "regular* as mn be. That means m surface ii made up of a numbtr ^ fam which are 
all identlcmi regular polygons pasted tcf sther. (A r^ular polygon hai all sid^ mud angte 

idinltcai>) Each vmim of ihe ^lid is alio idintloil to any other»i.f. has thf samt numta' i# 
facii adjoifi!fif. 

Show there can be m mom fhm five Ptatonic ^llds. (Thtrt are In fact t^mctly 
flm tiirahtdron, c^tEhedron, cuH ico^htdron and dode^hedron.} 




Ftf. 31. Plilonle Solidsi Telrihtdrdrii Oolohedron, Cube 
Ic&iiliedrdni Dddteahedron, 



Hint: The lurfact of a Platonic solid Is topolc^l^tly a sphere so hai tMl eumturt 4fr^ 
This is distributed among v vertic^ (no curvature along any tdg^ all MnMnlng the mm$ 
amount of curvaturi, c 

ve«4ir 



&€h vtrteii on the other hand is made up of a vtrten from ^ch of the f fa^ mmin$ 
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iCfgether them. The vsnm of a regular polygon has interior angle t. 




Fif. 32. A virUi of a Mltd whera the virticea of ths leiest. 

Thus 

c - aip - f i 

Clf you den'l undfrsland this, go over jhe sMtlon on curvaturt of mo.) Thtre's one more 
formula ! cin write down. Each face has s sides and so 

i-fp-2ir/*. 

Lit'i sart with 3 tided facei. l«f /3, e-2!r-ff /I Now f an't bt I or 2 beauM at 
l«st S faCM must meet at ach vertex (that's more or less obvious), chowever «n't be lero 
or neptlve (slna ve ■ *4ff)Jo that only I^ivm f^,4, or 5 with v«4ff/e"4/(2-f/S) • IWiM) - 
4, t. or 12. These ^ibllltles are tetrahMlron, octahedron and icosahedrm rttpectively. 

Now how about 4 sided faces, squara. The only way to make a praper vertes out 
of squmres 1$ with 3 of them. 
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Fif, 33. Cuhe; s«4, i*tp/2, e«f /S, 



That's A cube. 

Five ildfd ficesi s»5, i«»-2f/5 ■ 3r/8. The only way to mike a proper vertni out 
of such vertex ingles is with 3 facei, e -2f -MB -fr/B, v-m That's a dodeoihedron. 

How about 6 or more sided figures? The basic probleffl li that 6 or more sld<id 
regular poly|ons have 120^ or more at each vertex. And since you must have at I«tt 3 fd 
them at each vertex of the loUd, you have at least 380' of "cone" at each of the solldi 
vertices. That Just won't work, beoiuse it makes n^atlve curvature <s^ QOHt$ •pin). 

If you like arithmetic, try it this my. Remember c > 0. But c«tv - fl « 2w-^W' 
aw/s). Thismesins 

0<ir(2-f(l-2/s)) 

and 

0<2-f<l-2/s) 

or 

2/a-2/s) >t. 

But f must N at t«ist 3 so 
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And finally we find £hai 

There an. no Platonic solids wiih liK or more sided figures as hem. 

n*i3:(A ''new'' excess) Suppose someone ii unable to t\%m his turtlei to walk turile lines any 
way except with their noses pointing in the direction of walk. He |ivii the foltDWinf 

definition of the ixcQis of a path. 

eKcass ^ 2w ' C^he turtle turning needed for the turUe to walk around thi path) 

He aho says the turtle is turnin| pQiitlvely when he's turning "toward the interior" of th^ 
path. 

Can you make sense of that? 

Is it the same excess as used in this paper? 

Is it more preciie or more useful or easier to utiderstand than our standard 
definition? 

To confuse the issue notice that the latitude 80^ North path bounds two nice 
regions so its excess should be the total curvaturi of both. Yet the regions obviously have 
different total curvatures. Can either or both definitions of excess explain this? 

n*H;(Sewin|) Does the dress of a dancer which is meant to have pleats even when sht ti 
spinning (and the dress Is pullid outward by ^centrifugal force*) have positive or negative 
curvature? 

An umbrella is made by sewing together sin pieces shown roughly below. 




fig. 34. A pieaa of an umbrelli. 
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Whert does the umbrtlla have nigative curvature? How can you tell? Hint: Think about 
the finished umbrilla. Vou can tell its total curvaturf from an edge ribbon (turtle road 
around the outsldeX If you start cutting away ribbon after ribbon from the edge, deei ihe 
total curvaturi ever Increase indicating you cut away a strip of ntgalive curvature? Now 
go back and relate this to things you could measure on the pi^e in Figure 34. 

When you gee done with this problem you should be able to look at Figure 34 
and lay, *'WeII, looks like the total curvature is almost exactly 2Wm but there is some negative 
curvature from here to here** 

n*15:(Broken turtle) A turtle is a bit out of adjustment and takes slighsly longer (by 2%) 
strides with his left legs than with his right. (The distance between turtle's right and left 
legs is the same as his right ,Mde stride) 

What is the radius of the circle such a turtle would walk on a plane If he dMi 
not "turtle turn?** (Use turtle stride as your unit of distance) 

Suppose this turtle walks 25 slips and finds ht hai returntd to iiis beginning 
position and heading. What is the total curvature Interior to thli pathp priiuming iht 
inierior is topologically nice? 

How about a 100 step trip ai above? 
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